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L_hj_lbq_kdb_�hkgh\u� 
 

Fbe_l_gdh� B�<�� >bkk_jlZpby�� �=_hf_oZgbq_kdh_� h[hkgh\Zgb_�
jZajZ[hldb�djmlhiZ^Zxsbo�f_klhjh`^_gbc�fZehc�b�kj_^g_c�fhsghklb�\�
ahgZo�jZkkeZgp_\Zgby�ihjh^���Fhkd\Z�����]� 
 
JZajZ[hldZ� f_lh^h\� jZkqzlZ� gZ]jm`_gghklb� jm^gh]h� fZkkb\Z� b�
aZdeZ^db� 

Ijb� hk\h_gbb� gh\uo� jm^guo� f_klhjh`^_gbc� b� j_dhgkljmdpbb�
^_ckl\mxsbo�� dZd� ijZ\beh�� hlkmlkl\mxl� g_h[oh^bfu_�
wdki_jbf_glZevgu_� ^Zggu_� h� gZijy`_gghf� khklhygbb� fZkkb\Z�� LZdh_�
iheh`_gb_� kha^Zzl� hij_^_ezggu_� ljm^ghklb� ijb� jZajZ[hld_� ijh_dlguo�
j_r_gbc�b�ijb\h^bl�d�hkeh`g_gbyf�^ey�ghjfZevgh]h�l_ogheh]bq_kdh]h�
ijhp_kkZ� \u_fdb� jm^�� Ijh\_^_gb_� wdki_jbf_glZevguo� bkke_^h\Zgbc� ih�
hp_gd_� gZijy`zggh-^_nhjfbjh\Zggh]h� khklhygby� b� ijh]gham� ih\_^_gby�
fZkkb\Z� \� ijhp_kk_� jZa\blby� ]hjguo� jZ[hl� g_� \k_]^Z� y\ey_lky�
p_e_khh[jZaguf� b� wdhghfbq_kdb� hijZ\^Zgguf�� Djhf_� lh]h�� bo�
hkms_kl\e_gb_�lj_[m_l�agZqbl_evguo�\j_f_gguo�aZljZl��Wlh�hlghkblky�
\� [hevr_c� kl_i_gb� b� d� jZajZ[hld_� g_[hevrbo� ih� aZiZkZf�
f_klhjh`^_gbc�� ]^_� \� kha^Zgbb� djmighc� wdki_jbf_glZevghc� [Zau� g_l�
g_h[oh^bfhklb� 

<� k\yab� k� wlbf� \hagbdZ_l� g_h[oh^bfhklv� \� jZajZ[hld_�
wdkij_kk-f_lh^h\� ijh]ghaZ� ]_hf_oZgbq_kdbo� ijhp_kkh\�� ijhbkoh^ysbo�
\�fZkkb\_�]hjguo�ihjh^��D�qbkem�lZdbo�f_lh^h\�hlghkylky�bg`_g_jgu_�
f_lh^u� jZkqzlZ�� hkgh\Zggu_� gZ� fZl_fZlbq_kdhf� j_r_gbb� jy^Z�
nmg^Zf_glZevguo� aZ^Zq� f_oZgbdb� ]hjguo� ihjh^� b� f_oZgbdb�
^_nhjfbjm_fh]h�l\zj^h]h�l_eZ� 
 
:gZeba� kh\j_f_ggh]h� mjh\gy� jZajZ[hlhd� ih� bamq_gbx� gZijy`zggh]h�
khklhygby�fZkkb\Z�b�aZdeZ^db� 
��������Ijb� bkke_^h\Zgbyo� gZijy`zggh-^_nhjfbjh\Zggh]h� khklhygby�
fZkkb\Z� ]hjguo� ihjh^� \hdjm]� \ujZ[hlhd� rbjhdh� bkihevamxlky�
qbke_ggu_� f_lh^u� jZkqzlZ�� Kj_^b� gbo� gZb[hevr__� jZkijhkljZg_gb_�
ihemqbeb� f_lh^u� dhg_qguo� we_f_glh\� b� ]jZgbqguo� bgl_]jZevguo�
mjZ\g_gbc�� >hklhbgkl\h� f_lh^Z� dhg_qguo� we_f_glh\� aZdexqZ_lky� \�
\hafh`ghklb� mqzlZ� ehdZevguo� g_h^ghjh^ghkl_c� fZkkb\Z�� lZd� dZd�
dZ`^hfm� ba� we_f_glh\�� gZ� dhlhju_� jZa[b\Z_lky� fZkkb\� \� h[eZklb�
j_r_gby�� fh`gh� ijbk\hblv� kh[kl\_ggu_� f_oZgbq_kdb_� oZjZdl_jbklbdb��
Ijb� j_r_gbb� aZ^Zq� f_oZgbdb� ]hjguo� ihjh^� f_lh^hf� dhg_qguo�
we_f_glh\�� fh`gh� hkms_kl\eylv� ZgZeba� gZijy`_ggh]h� khklhygby�
dZ`^h]h� ba� we_f_glh\� b� \� khhl\_lkl\bb� k� wlbf� gZijy`zgguf�
khklhygb_f� i_j_kqblu\Zlv� \k_� f_oZgbq_kdb_� oZjZdl_jbklbdb�
we_f_glh\� 

Ijbf_g_gb_� f_lh^Z� dhg_qguo� we_f_glh\� iha\hey_l�
jZkkfZljb\Zlv� ijhba\hevgmx� g_h^ghjh^ghklv� kj_^u�� Zgbahljhibx��
mqblu\Zlv� ijhy\e_gb_� ieZklbqghklb�� \yadhklb�� g_ebg_cghklv�
^_nhjfZpbhgguo�k\hckl\��mqblu\Zlv�kljmdlmjgu_�hkh[_gghklb�j_Zevguo�
fZkkb\h\� ]hjguo� ihjh^�� lZdb_� dZd� lj_sbggh\Zlhklv�� lj_sbgh\Zlh-
ihjbklhklv�� gZebqb_� gZjmr_gbc� kiehrghklb� fZkkb\h\� \� \b^_� lj_sbg�
dhglZdlZ�� Z� lZd`_� mqblu\Zlv� l_ogheh]bq_kdb_� nZdlhju�� gZijbf_j��
ihke_^h\Zl_evghklv�hqbklguo�b�aZdeZ^hqguo�jZ[hl� 

>jm]b_� gZijZ\e_gby� qbke_gguo� f_lh^h\� j_r_gby� aZ^Zq� h�
gZijy`zggh-^_nhjfbjh\Zgghf� khklhygbb� kj_^u� y\eyxlky� f_lh^u�
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]jZgbqguo� we_f_glh\�� \� dhlhjuo� j_r_gb_� mjZ\g_gby� m^h\e_l\hjy_lky�
gZ�]jZgbp_�bkke_^m_fhc�h[eZklb� 

GZjy^m� k� rbjhdbfb� \hafh`ghklyfb� qbke_gguo� f_lh^h\�� bo�
bkihevah\Zgb_�lj_[m_l�ki_pbZevghc�ih^]hlh\db�b�g_^hklmigh�[hevrhfm�
djm]m�ki_pbZebklh\� 

Wlh� \� agZqbl_evghc� kl_i_gb� mkljZgy_lky� ijb� bkihevah\Zgbb�
ij_^eZ]Z_fh]h� f_lh^Z� hp_gdb� gZijy`zggh]h� khklhygby� fZkkb\Z� ]hjguo�
ihjh^�djmlhiZ^Zxsbo�f_klhjh`^_gbc�fZehc�b�kj_^g_c�fhsghklb� 

JZajZ[hlZgguc� bg`_g_jguc� f_lh^� iha\hey_l� ijh]ghabjh\Zlv�
gZ]jm`_gghklv� jm^gh]h� fZkkb\Z� k� mqzlhf� ^bgZfbdb� jZa\blby� ]hjguo�
jZ[hl� b� l_f� kZfuf� mqblu\Zlv� l_ogheh]bq_kdmx� ihke_^h\Zl_evghklv�
jZa\blby� ]hjguo� jZ[hl�� lbi� ijbf_gy_fhc� aZdeZ^db�� ijhqghklgu_�
k\hckl\Z�ihjh^��F_lh^�jZkqzlZ�ijbf_gbf�\�lhf�kemqZ_��dh]^Z�h^gh�ba�
]eZ\guo� gZijy`_gbc� g_ljhgmlh]h� fZkkb\Z� ghjfZevgh� d� iehkdhklb�
ijhklbjZgby�� GZb[hevrbc� ijZdlbq_kdbc� bgl_j_k� ij_^klZ\eyxl�
gZijy`_gby� σσy

∞∞�� Wlb� gZijy`_gby� hij_^_eyxl� gZ]jm`_gghklv� jm^gh]h� b�
aZdeZ^hqgh]h� fZkkb\h\�� dhlhju_� khihklZ\ey_lky� k� g_kms_c�
kihkh[ghklvx� wlbo� fZkkb\h\�� Ba\_klgh�� qlh� jZkkeZgp_\Zgb_� ihjh^�
hjb_glbjh\Zggh� \^hev� iehkdhklb� ijhklbjZgby� jm^gh]h� l_eZ� b�
ijhbkoh^bl� \� mkeh\byo� \ukhdh]h� ^Z\e_gby�� ^_ckl\mxs_]h�
i_ji_g^bdmeyjgh� d� gZijZ\e_gbx� i_j_f_s_gby� ihjh^�� Wlh� y\ey_lky�
hkgh\Zgb_f� ^ey� bkihevah\Zgby� f_lh^Z� ijb� hp_gd_� gZijy`zggh]h�
khklhygby� f_klhjh`^_gbc� `bevgh]h� lbiZ�� ijbmjhq_gguo� d� keZgp_\Zluf�
l_dklmjZf� 
 
F_lh^�jZkqzlZ�gZ]jm`_gghklb�fZkkb\Z�b�aZdeZ^db� 

Kj_^b� jZaghh[jZaby� jm^guo� l_e� \� ]hjgh^h[u\Zxs_c� ijZdlbd_�
\klj_qZxlky� lZdb_�� dhlhju_� oZjZdl_jbamxlky� hlghkbl_evgh� ijhklhc�
nhjfhc� �[_a� jZa\_l\e_gbc�� b� g_� bf_xl� j_adbo� baf_g_gbc� fhsghklb� b�
mkeh\bc� aZe_]Zgby�� Hkh[_gghklv� bo� jZajZ[hldb� aZdexqZ_lky� \� lhf��
qlh� hqbklgu_� dZf_ju� bf_xl� \b^� hlghkbl_evgh� madbo�� ijhly`zgguo�
\ujZ[hlhd�� jZkiheh`_gguo� ijbf_jgh� \� h^ghc� iehkdhklb�� Ihi_j_qguc�
jZaf_j�dZf_j�h�agZqbl_evgh�f_gvr_�ijh^hevguo�jZaf_jh\�a�b�b (h<<a,  
h<<b).  

<u_fdZ� p_gguo� jm^� b� jm^� \� keh`guo� ]hjgh-]_heh]bq_kdbo�
mkeh\byo� khijh\h`^Z_lky� ihke_^mxs_c� aZdeZ^dhc� \ujZ[hlZggh]h�
ijhkljZgkl\Z�� Hij_^_e_gb_� hilbfZevguo� iZjZf_ljh\� hqbklguo� dZf_j��
jm^guo� b� bkdmkkl\_gguo� p_ebdh\�� ijhqghklb� aZdeZ^hqgh]h� fZkkb\Z� b�
l�i��y\ey_lky�\Z`ghc�ijZdlbq_kdhc�aZ^Zq_c��j_r_gb_�dhlhjhc�^he`gh�
hkgh\u\Zlvky� gZ� wdhghfbq_kdhc� hp_gd_� ijhba\h^kl\_gguo� aZljZl� k�
mqzlhf� nZdlhjZ� [_ahiZkghklb� ]hjguo� jZ[hl�� NZdlhj� [_ahiZkghklb� \�
k\hx� hq_j_^v� l_kgh� k\yaZg� k� j_r_gb_f� ijh[e_f� ]hjgh]h� ^Z\e_gby��
bkke_^h\Zgb_� dhlhjuo�� hkms_kl\ey_fh_� kj_^kl\Zfb� b� f_lh^Zfb�
]_hf_oZgbdb�� k\yaZggh� ]eZ\guf� h[jZahf� k� ZgZebahf� gZijy`zggh]h�
khklhygby� fZkkb\Z� ]hjguo� ihjh^�� Gb`_� baeh`_g� bg`_g_jguc� f_lh^�
jZkqzlZ�baf_g_gby�gZ]jm`_gghklb�jm^gh]h�fZkkb\Z�b�aZdeZ^db��F_lh^�
^hklZlhqgh�ijhkl�b�g_�lj_[m_l�h[jZs_gby�d�[hevrbf�W<F��GZijbf_j��\�
ijb\_^zgguo� gb`_� ijbf_jZo� ^ey� jZkqzlh\� bkihevah\Zeky� dZjfZgguc�
dZevdmeylhj. 

Imklv� ba\_klgh� gZijy`zggh_� khklhygb_� g_ljhgmlh]h� fZkkb\Z�
]hjguo� ihjh^�� dhlhjh_� \� ijhkl_crbo� kemqZyo� fh`_l� [ulv� hij_^_e_gh�
ba�ZgZebaZ�]_heh]bq_kdbo�mkeh\bc�aZe_]Zgby�jm^gh]h�l_eZ��Z�\�h[s_f�
kemqZ_� \� j_amevlZl_� g_ihkj_^kl\_gguo� rZolguo� baf_j_gbc�� Kha^Zgb_�
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\ujZ[hlZggh]h�ijhkljZgkl\Z�ijb\h^bl�d�i_j_jZkij_^_e_gbx�gZijy`_gbc�
\�fZkkb\_�]hjguo�ihjh^��Kmlv�i_j_jZkij_^_e_gby�khklhbl�\�lhf��qlh�
�\ugbfZ_fZy�� qZklv� jm^gh]h� fZkkb\Z� bkdexqZ_lky� ba� kbeh\h]h�
khhlghr_gby� kljmdlmjguo� we_f_glh\� fZkkb\Z� ]hjguo� ihjh^�� Ijb� wlhf�
gZ]jmadZ�� i_j\hgZqZevgh� \hkijbgbfZ_fZy� �\ugbfZ_fhc�� qZklvx�
fZkkb\Z��i_j_^Zzlky�gZ�hklZ\rmxky�qZklv�jm^gh]h�fZkkb\Z��\f_sZxsb_�
ihjh^u�beb�aZdeZ^hqguc�fZkkb\��GZ]jmadZ�jZkij_^_ey_lky�lZd`_�kj_^b�
ki_pbZevgh� kha^Zgguo� g_kmsbo� dhgkljmdpbc�� d� dhlhjuf� hlghkylky�
jm^gu_�b�bkdmkkl\_ggu_�p_ebdb� 

?keb�jm^Z�b�\f_sZxsb_�ihjh^u�[ebadb�ih�mijm]bf�k\hckl\Zf��Z�
h^gh�ba�]eZ\guo�gZijy`_gbc�g_ljhgmlh]h�fZkkb\Z�^_ckl\m_l�ghjfZevgh�
d� iehkdhklb� ijhklbjZgby� jm^gh]h� l_eZ�� ijb[eb`_ggZy� hp_gdZ�
jZkij_^_e_gby� ghjfZevghc� gZ]jmadb� kh� klhjhgu� \f_sZxs_]h� fZkkb\Z�
f_`^m� g_kmsbfb� we_f_glZfb� fh`_l� [ulv� hkms_kl\e_gZ� gZ� hkgh\_�
ba\_klghc� nhjfmeu� jZkij_^_e_gby� gZijy`_gbc� \� mijm]hc� kj_^_� ijb�
^_ckl\bb�\�kj_^_�khkj_^hlhq_gguo�kbeh\uo�bklhqgbdh\��<�wlhc�hp_gd_�
hqbklgu_�dZf_ju�fh^_ebjmxlky�e_`Zsbfb�\�h^ghc�iehkdhklb�jZaj_aZfb�
\�h^ghjh^ghc�mijm]hc�kj_^_� 

 ������������������������Ko_fZ�d�ihklZgh\d_�aZ^Zqb� 

X 

Y 

-a a 

q(x) 

0 

σ y 

σ x 

    
>ey� ijhklhlu� jZkkfhljbf� kgZqZeZ� \� mkeh\byo� iehkdhc�

^_nhjfZpbb� h^bghqgmx� \ujZ[hldm� [_a� aZdeZ^db� \ujZ[hlZggh]h�
ijhkljZgkl\Z� 

 ����������������Ko_fZ�jZa[b\db�jZaj_aZ�b�kj_^u�gZ�we_f_glu� 

X 

Y 

-a a 
0 

x *j 
P j 

x *i 

L r 
R 

 
 

Jm^gh_� l_eh� gZ� jbkmgd_� g_� ihdZaZgh�� GZijy`_gby� σσy
∞∞� b� σσx

∞∞ 
y\eyxlky�]eZ\gufb� 

JZkij_^_e_gb_� gZijy`_gbc� σσy� gZ� ijyfhc� y=0� fh`gh� gZclb��
j_rb\� aZ^Zqm� l_hjbb� mijm]hklb� h� jZaj_a_�� gZ]jm`_gghf� ghjfZevghc�
gZ]jmadhc� q(x) �� WlZ� gZ]jmadZ� jZ\gZ� ghjfZevguf� gZijy`_gbyf� σσy(x) , 
^_ckl\h\Z\rbf� \f_kl_� ijh\_^_gby� jZaj_aZ�� <� qZklghf� kemqZ_�
]hjbahglZevghc� h^bghqghc� \ujZ[hldb� ijb� h^ghjh^ghf� bkoh^ghf� ihe_�
gZijy`_gbc� gZ� jZaj_a_�� fh^_ebjmxs_f� \ujZ[hldm�� jZkij_^_ezggZy�
gZ]jmadZ�ihklhyggZ�b�jZ\gZ�q(x)= γγH. 

>ey�bg`_g_jgh]h�jZkqzlZ�gZijy`_gbc�σσy�\^hev�hkb�x�jZah[vzf�
jZaj_a� b� ebgbx� _]h� ijh^he`_gby� \� kj_^_� \^hev� hkb� x� gZ� ebg_cgu_�
we_f_glu�L��\�iehkdhf�kemqZ_���<u[hj�jZaf_jZ�L�aZ\bkbl�hl�kl_i_gb�
g_h[oh^bfhc� lhqghklb� hp_gdb�� q_f� f_gvr_� L�� l_f� lhqg__� hp_gdZ��
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H^gZdh� ke_^m_l� mq_klv�� qlh� k� mf_gvr_gb_f� L� jZklzl� h[tzf�
\uqbke_gbc� 

Imklv�jZaj_a��fh^_ebjmxsbc�\ujZ[hldm��kh^_j`bl�N�we_f_glh\��
dhlhjuf� ijbibkZg� bg^_dk� i �� Z� kj_^Z� M� we_f_glh\� k� b^_dkhf� j . 
Ihke_^gb_� we_f_glu� [m^_f� ^ey� hij_^_ezgghklb� gZau\Zlv�
�]jmahg_kmsbfb���<\_^y�ebg_cgu_�we_f_glu�[m^_f�^Ze__�jZkkfZljb\Zlv�
kj_^gb_�gZijy`_gby�\�we_f_glZo�σσykj�beb�kbeu��AZ^Z\Z_fu_�\�p_glj_�
we_f_glh\� jZaj_aZ� kbeu� h[hagZqbf� Qi (i=1,2,...,N) �� Bkdhfu_� kbeu��
ijbeh`_ggu_� \� p_glj_� ]jmahg_kmsbo� we_f_glh\�� h[hagZqbf�
Pj (j=1,2,...,M) �� Hq_\b^gh� Pj =Lσσykj,j �� LZdbf� h[jZahf�� gZr� jZkqzl�
aZdexqZ_lky� \� hij_^_e_gbb� ghjfZevguo� kbe� Pj � \� ]jmahg_kmsbo 
we_f_glZo�ih�ba\_klguf�kbeZf�Qi ��aZ^Z\Z_fuf�gZ�we_f_glZo�jZaj_aZ� 

Ijb�ij_^iheh`_gbb�mijm]hklb�kj_^u�kbeZ�Pj �\�dZ`^hf�we_f_gl_�
y\ey_lky�kmffhc�khhl\_lkl\mxsbo�\ha^_ckl\bc�hl�kh\hdmighklb�kbe� 

( )∑
=

=
N

i
ij QfP

1

 

Nmgdpby� f � hljZ`Z_l� aZdhghf_jghklv� i_j_^Zqb� kbeh\h]h�
\hafms_gby�hl�h^bghqghc�kbeu��H[�wlhc�nmgdpbb�fh`gh�]h\hjblv�dZd�h�
k\h_h[jZaghc� nmgdpbb� lhq_qgh]h� \hafms_gby� ^ey� jZaj_aZ�� Bkihevamy�
khhl\_lkl\mxs__� khhlghr_gb_�� ihemq_ggh_� \� jZ[hl_� �Ij_^_evgh_�
jZ\gh\_kb_� ojmidbo� l_e� k� lj_sbgZfb��� IZgZkxd� <�<��� Db_\�� ����]���
gZijy`_gb_�σσy(x) �\�p_glj_�]jmahg_kms_]h�we_f_glZ�j �fh`gh�aZibkZlv�\�
\b^_� 

( ) ( )∑
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
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
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2
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*
π

σ  

A^_kv� 
x *j  -�dhhj^bgZlZ�p_gljZ�]jmahg_kms_]h�we_f_glZ�M�� 
x *i  -� dhhj^bgZlZ� p_gljZ� we_f_glZ�� ]^_� aZ^ZgZ� kbeZ� Qi � �dhhj^bgZlZ�
lhqdb�ijbeh`_gby�kbeu�� 
±a -�dhhj^bgZlZ�]jZgbpu�jZaj_aZ� 

<�p_eyo�jZamfgh]h�h[e_]q_gby�jZkqzlh\�[m^_f�bkdZlv�dmkhqgh-
ebg_cgh_�jZkij_^_e_gb_�gZijy`_gby�σσy(x) ��<�wlhf�kemqZ_�\�ij_^_eZo�
jZkkfZljb\Z_fh]h� ]jmahg_kms_]h� we_f_glZ� j � gZijy`_gby� σσy(x) � fh`gh�
hibkZlv�nmgdpb_c�\b^Z� 

( ) xBAx jjjy +=σ  

]^_� Aj � b� Bj  (j=1,2,...,M)  -� ihklhyggu_�� dhlhju_� \u[bjZxlky� lZdbf�
h[jZahf��qlh[u�[ueh�kijZ\_^eb\h�khhlghr_gb_� 

( )∑
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i jij
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22
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2
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Ihkdhevdm� \� jZkkfZljb\Z_fhf� kemqZ_� kj_^g__� gZijy`_gb_� \�
]jmahg_kms_f� we_f_gl_� j � jZ\gh σσykj_j =Aj +Bj x *j �� lh� fh`gh� aZibkZlv�
khhlghr_gb_�^ey�kbe� 

∑
=

=
N

i
ijj PP

1

 

]^_�Pij �jZ\gh� 
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( )∑
= 











−−

−
=

N

i jij

i
iij

axxx

xa
LQP

1
22

***

2
*

2

π
 

<_ebqbgZ� Pij � ij_^klZ\ey_l� kh[hc� � qZklv� kbeu� Pj �� dhlhjZy�
h[mkeh\e_gZ�kbehc�Qi ��aZ^Zgghc�\�i -hf�we_f_gl_�jZaj_aZ� 

>ey�hp_gdb� jZkij_^_e_gby�kbe�Pj �\[ebab�djZy�jZaj_aZ�� l�_��
lZf�� ]^_� jZkij_^_e_gb_� gZ]jmadb� \uau\Z_l� gZb[hevrbc� bgl_j_k��
nhjfmem�fh`gh�mijhklblv�b�aZibkZlv�\�\b^_� 

( )∑
= 











−−
−

=
N

i jij

i
iij

axxxa

xa
LQP

1 ***

2
*

2

2π
 

<� ^jm]hf� djZcg_f� kemqZ_�� l�_�� ^ey� m^Zezgguo� lhq_d� kj_^u�
x *j ��kijZ\_^eb\Z�^jm]Zy�ZkbfilhlbdZ� 

∑
= 









 −

=
N

i j

i
iij x

xa
LQP

1
2
*

2
*

2

π
 

dhlhjZy� khhl\_lkl\m_l� ba\_klghfm� aZdhgm� m[u\Zgby� gZijy`_gby� \�
mijm]hc� kj_^_�� \ughkbfh]h� iZjhc� kbe� gZ� jZaj_a_� �iehkdbc� kemqZc���
Ihkdhevdm� gZ� ijZdlbd_� gZb[he__� bgl_j_kgh� jZkij_^_e_gb_� gZijy`_gbc�
\� p_ebdZo� b� \[ebab� \ujZ[hlZggh]h� ijhkljZgkl\Z�� \� bg`_g_jguo�
jZkqzlZo� fh`gh� bkihevah\Zlv� lhevdh� i_j\mx� nhjfmem. Ijb� wlhf�
ih]j_rghklv�\�hij_^_e_gbb�gZijy`_gbc�σσy�gZ�^hklZlhqghf�m^Ze_gbb�hl�
\ujZ[hlZggh]h�ijhkljZgkl\Z�g_�ij_\ukbl����. 

JZkkfhljbf�^jm]h_�kbeh\h_�khhlghr_gb_��KbeZ�Qi �\ghkbl�k\hc�
�\deZ^"�\h�\k_�]jmahg_kmsb_�we_f_glu��?kl_kl\_ggh��qlh�kmffZ�wlbo�
\deZ^h\�ih�\k_f�]jmahg_kmsbf�we_f_glZf�^he`gZ�[ulv�jZ\gZ�Qi ��LZdbf�
h[jZahf��fh`gh�aZibkZlv� 

∑
=

=
M

j
iji QP

1

 

Ijb\_^zggu_� nhjfmeu� y\eyxlky� hkgh\gufb� jZ[hqbfb� nhjfmeZfb�
jZkqzlZ�� P_e_khh[jZagh� bo� aZibkZlv� \� bghf� \b^_�� [he__� gZ]ey^gh�
hljZ`Zxs_f�bo�kljmdlmjm� 

jji

i
ji

rR

F
P =  

A^_kv 
ihkj_^kl\hf�Fi �h[hagZq_gZ�kh\hdmighklv�iZjZf_ljh\��g_�aZ\bkysbo�hl�
dhhj^bgZl�x *j , 
r j  -�jZkklhygb_�hl�p_gljZ�jZkkfZljb\Z_fh]h�]jmahg_kms_]h�we_f_glZ�j  
^h�[eb`Zcr_]h�djZy�jZaj_aZ� 
Rji  -�jZkklhygb_�hl�p_gljZ�wlh]h�we_f_glZ�^h�lhqdb�ijbeh`_gby�kbeu�
Qi ��l�_��p_gljZ�we_f_glZ�i . 

Khhlghr_gb_�ijbf_l�\b^� 

∑
=

=
M

j
i

jji

i Q
rR

F

1

 

Hlkx^Z�fh`gh�ihemqblv�ke_^mxs__�\ujZ`_gb_� 

∑
=

=
M

j jji

i
i

rR

Q
F

1

1
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F_lh^bdZ� jZkqzlZ� ^_ckl\mxsbo� kbe� \� ]jmahg_kmsbo� we_f_glZo�
�beb� kj_^gbo� gZijy`_gbc�� aZdexqZ_lky� \� ke_^mxs_f�� Ebg_cgu_�
\_ebqbgu� r j � b� Rji �� \oh^ysb_� \� ijb\_^zggu_� \ur_� nhjfmeu�� gZoh^ylky�
]_hf_ljbq_kdb� \� khhl\_lkl\bb� k� mkeh\byfb� jZa[b\db� bkke_^m_fhc�
h[eZklb�gZ�we_f_glu��Kbeu�Qi �hij_^_eyxlky�ih�ba\_klguf�ghjfZevguf�
gZijy`_gbyf� σσy� gZ� dhglmj_� [m^ms_]h� jZaj_aZ�� fh^_ebjmxs_]h� gh\mx�
\ujZ[hldm�� Hij_^_eb\� ih� nhjfme_� g_ba\_klgu_� \_ebqbgu� Fi  
(i=1,2,...,N) ��gZoh^bf�aZl_f�\_ebqbgu�Pji �b�^Ze__�bkdhfu_�kbeu�Pj �\�
]jmahg_kmsbo� we_f_glZo�� Bkihevamy� ijbgpbi� kmi_jihabpbb� j_r_gbc��
dhlhjuc�kijZ\_^eb\�^ey�mijm]bo�kj_^��fh`gh�gZclb�ghjfZevgu_�kbeu�\�
]jmahg_kmsbo�we_f_glZo�ijb�ijhba\hevghf�qbke_�jZaj_ah\�kj_^u�\^hev�
hkb�X. 

Hlf_lbf�� qlh� ih� mdZaZgghc� f_lh^bd_� hij_^_eyxlky� \�
]jmahg_kmsbo�we_f_glZo�kbeu��Z�ke_^h\Zl_evgh�b�kj_^gb_�ghjfZevgu_�
gZijy`_gby�� Ih� kj_^gbf� gZijy`_gbyf� \� we_f_glZo� \� h[s_f� kemqZ_�
g_evay� ihkljhblv� h^ghagZqgh_� dmkhqgh-ebg_cgh_� jZkij_^_e_gb_�
bkdhfuo� gZijy`_gbc� σσy(x) �� >_ckl\bl_evgh�� ^ey� hij_^_e_gby� 2M 
g_ba\_klguo� ihklhygguo� Aj , Bj  (j=1,2,...,M) � bf__lky� M� mjZ\g_gbc��
Djhf_� lh]h�� \� h^ghjh^ghc� kj_^_� ^he`gh� \uihegylvky� mkeh\b_�
g_ij_ju\ghklb�gZijy`_gbc�σσy�gZ�]jZgbpZo�we_f_glh\��qlh�^Zzl�_sz�M-1 
mjZ\g_gb_� 

Mj
L

xBA
L

xBA jjjjjj ,...,3,2;
22 1*11* =







 ++=







 −+ −−−  

H^gZdh� h^gh� mjZ\g_gb_� hdZau\Z_lky� g_hij_^_ezgguf�� >ey�
hij_^_ezgghklb� eh]bqgh� ijbgylv�� qlh� \� lhf� we_f_gl_�� ]^_� kj_^g__�
agZq_gb_� σσy� fbgbfZevgh�� wlh� gZijy`_gb_� ihklhyggh�� <� wlhf� kemqZ_�
wixjm� gZijy`_gbc� σσy� \^hev� hkb� X� e_]dh� ihkljhblv� ]_hf_ljbq_kdb��
ijh\h^y� khhl\_lkl\mxsbf� h[jZahf� hlj_adb� ijyfuo� hl� we_f_glZ�� ]^_�
kj_^g__� agZq_gb_� gZijy`_gby� fbgbfZevgh�� DZ`^uc� hlj_ahd� ijyfhc�
^he`_g� ijh\h^blvky� lZdbf� h[jZahf�� qlh[u� hg�� \h-i_j\uo�� \� p_glj_�
we_f_glZ� khhl\_lkl\h\Ze� gZc^_gghfm� kj_^g_fm� agZq_gbx� gZijy`_gby��
\h-\lhjuo��kh\iZ^Ze�k�dhgphf�hlj_adZ�\�khk_^g_f�we_f_gl_��G_ljm^gh�
ihgylv�� qlh� ijb� m\_ebq_gbb� qbkeZ� jZa[b_gbc� kj_^u� gZ� we_f_glu�
lhqghklv�lZdhc�dmkhqgh-ebg_cghc�ZiijhdkbfZpbb�\hajZklZ_l� 

JZkkfhljbf� f_lh^bdm� jZkq_lZ� gZijy`_gbc� \� kemqZ_� aZdeZ^db�
\ujZ[hlZggh]h� ijhkljZgkl\Z�� AZdeZ^hqgZy� kf_kv� y\ey_lky� [he__�
ih^Zleb\uf� fZl_jbZehf� \� kjZ\g_gbb� k� fZkkb\hf� ]hjguo� ihjh^�� Ijb�
gZ]jm`_gbb�\�j_`bf_�aZ^Zgguo�kf_s_gbc�]hjgZy�ihjh^Z�b�aZdeZ^hqgZy�
kf_kv� _kl_kl\_ggh� ^_nhjfbjmxlky� h^bgZdh\h�� h^gZdh� aZdeZ^hqgZy�
kf_kv� gZ]jm`Z_lky� keZ[__� \h� klhevdh� jZa�� \h� kdhevdh� _z� fh^mev�
^_nhjfZpbb�?a�f_gvr_�fh^mey�^_nhjfZpbb�]hjghc�ihjh^u�?��Qbke_ggufb�
jZkqzlZfb�k�ihfhsvx�FDW�mklZgh\e_gh��qlh�ijb�hq_j_^ghf�jZkrbj_gbb�
\ujZ[hlZggh]h� ijhkljZgkl\Z� aZ\bkbfhklv� kj_^gbo� gZijy`_gbc� \�
aZdeZ^hqghf� fZkkb\_� \[ebab� hqbklghc� dZf_ju� hl� hlghr_gby� ?a�? 
hij_^_ey_lky�djb\hc� 
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 ��������AZ\bkbfhklv�ijb\_^zgguo�kj_^gbo�gZijy`_gbc�\� 
aZeh`_gguo�dZf_jZo�hl�hlghr_gby�fh^me_c�mijm]hklb� 
aZdeZ^hqgh]h�fZl_jbZeZ�b�fZkkb\Z�]hjguo�ihjh^� 
1 -�ih�^Zgguf�jZkqzlZ�k�FDW� 
2 -�bkihevam_fZy�\�^Zgghf�f_lh^_� 

?a�? 0 0,2 0,4 0,6 0,8 1 

0,2 

0,4 

0,6 

0,8 

1 

2 

1 

 
Wlm� aZ\bkbfhklv� fh`gh� bkihevah\Zlv� \� jZkqzlZo� kj_^gbo�

gZijy`_gbc�\�fZkkb\_�aZdeZ^hqghc�kf_kb��>ey�ijhklhlu�\�bg`_g_jguo�
jZkqzlZo� wlm� aZ\bkbfhklv� m^h[gh� kqblZlv� ebg_cghc� �rljboh\Zy�
ebgby��� LZdbf� h[jZahf�� ^Ze__� [m^_f� kqblZlv�� qlh� bkdmkkl\_gguc�
g_kmsbc�we_f_gl�ba�aZdeZ^hqghc�kf_kb�ih�kjZ\g_gbx�k�gZoh^ysbfky�\�
l_o� `_� mkeh\byo� jm^guf� p_ebdhf� \hkijbgbfZ_l� gZ]jmadm��
ijhihjpbhgZevgmx�hlghr_gbx�?a�?. 

Ke_^h\Zl_evgh�� \� h[s_f� kemqZ_�� dh]^Z� qZklv� ]jmahg_kmsbo�
we_f_glh\� M�� jZkiheh`_gguo� ih� hkb� X�� bf__l� ^jm]hc� fh^mev�
^_nhjfZpbb�� q_f� fZkkb\� ]hjguo� ihjh^�� \f_klh� ijb\_^zgguo� \ur_�
khhlghr_gbc�ke_^m_l�bkihevah\Zlv�ke_^mxsb_�khhlghr_gby� 

jji

ij
ji

rR

F

E

Ea
P =  

b 

∑
=

=
M

j jji

j

i
i

rRE

Ea
Q

F

1

1
 

A^_kv� 
?aj  -�fh^mev�^_nhjfZpbb�j -lh]h�we_f_glZ� 

Hq_\b^gh��ijb�?aj  ?a��qlh�wlb�nhjfmeu�ke_^mxl�ba�ij_^u^msbo�
b�gZh[hjhl� 

JZkkfhlj_gguc� \ur_� f_lh^� jZkqzlZ� i_j_jZkij_^_e_gbc�
gZijy`_gbc� \� kemqZ_� \u_fdb� k� aZdeZ^dhc� p_e_khh[jZagh� k\yaZlv� k�
f_lh^hf� ihke_^h\Zl_evguo� pbdeh\� �FIP��� jZajZ[hlZgguf�
K�<�Dmag_ph\uf� b� <�G�H^bgp_\uf�� F_lh^� ihke_^h\Zl_evguo� pbdeh\ 
mqblu\Z_l� ihke_^h\Zl_evghklv� jZkrbj_gby� b� aZeh`_gby� \ujZ[hlZggh]h�
ijhkljZgkl\Z�� <� wlhf� kemqZ_� bkke_^h\Zgby� i_j_jZkij_^_e_gby�
gZijy`_gbc� fh`gh� ij_^klZ\blv� \� aZ\bkbfhklb� hl� ^bgZfbdb� jZa\blby�
]hjguo� jZ[hl�� mqblu\Zxs_c� gZijy`zggh-^_nhjfbjh\Zggh_� khklhygb_�
fZkkb\h\� ]hjguo� ihjh^� b� aZdeZ^db�� Z� lZd`_� b� l_ogheh]bq_kdb_�
nZdlhju� \ebygby�� Ijb� wlhf� bf__lky� \hafh`ghklv� mqzlZ� baf_g_gby�
^_nhjfZpbhgguo� k\hckl\� aZdeZ^hqghc� kf_kb� \h� \j_f_gb� beb� ih^�
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gZ]jmadhc��gZijbf_j��ih\ur_gb_�`zkldhklb�b�mijhqg_gb_�aZdeZ^hqgh]h�
fZkkb\Z�� <uqbkebl_evgu_� ljm^ghklb� ijb� wlhf� ijZdlbq_kdb� g_�
\hajZklZxl�� ?kl_kl\_ggh�� ^ey� mqzlZ� ]_heh]bq_kdbo� k\hckl\�
aZdeZ^hqghc� kf_kb� g_h[oh^bfh� aZ^Zlv� aZ\bkbfhklb�� hljZ`Zxsb_�
khhl\_lkl\mxsb_�k\hckl\Z��gZijbf_j��?aj ( σσykj��bib�?aj (T j ) ��]^_�Tj  - 
\j_fy�� ijhr_^r__� k� fhf_glZ� meh`_gby� kf_kb� \� hqbklghc� dZf_j_��
:gZeba� i_j_jZkij_^_e_gby� gZijy`_gbc� \� fZkkb\_� ]hjguo� ihjh^� b�
aZdeZ^hqghf� fZkkb\_� jZkkfhlj_gguf� \ur_� f_lh^hf� \� khq_lZgbb� k� FIP�
agZqbl_evgh�ih\urZ_l�^hklh\_jghklv�bkke_^h\Zgbc�\�p_ehf� 
 

JZkkfhljbf� l_i_jv� ijhkljZgkl\_gguc� kemqZc�� F_lh^bq_kdb� hg�
fZeh� hlebqZ_lky� hl� jZkkfhlj_ggh]h� \ur_� iehkdh]h� kemqZy�� <�
ijhkljZgkl\_gghf� kemqZ_� ijhba\h^blky� jZa[b\dZ� jZaj_aZ��
fh^_ebjmxs_]h�iehkdmx�hqbklgmx�\ujZ[hldm��gZ�d\Z^jZlgu_�we_f_glu�k�
bg^_dkhf� i � b� hklZ\rmxky� qZklv� iehkdhklb� y=0� gZ� d\Z^jZlgu_�
]jmahg_kmsb_�we_f_glu�k�bg^_dkhf�j ��KlhjhgZ�we_f_glZ�jZ\gZ�L. 

  ��������Ko_fZ�jZa[b\db�jZaj_aZ�b�kj_^u�d�jZkqzlm�\� 
ijhkljZgkl\_gghf�kemqZ_� 

B 

A 

C 

D E 

F 

z 

x 0 

a 
b i 

j 
R ji 

r j 

 
DZd�b�\�jZkkfhlj_gghf�\ur_�kemqZ_��kmlv�jZkqzlZ�khklhbl�\�

hij_^_e_gbb� ghjfZevguo� kbe� Pj �� ^_ckl\mxsbo� gZ� iehkdhklv� Y=0. 
<\h^ylky� \� jZkkfhlj_gb_� \_ebqbgu� Pji �� ij_^klZ\eyxsb_� kh[hc�
khklZ\eyxsb_� kbe� Pj �� h[mkeh\e_ggu_� ^_ckl\b_f� kbe� Qi �� <�
ijhkljZgkl\_gghf� kemqZ_� kijZ\_^eb\u� ijb\_^zggu_� \ur_� khhlghr_gby��
h^gZdh� \ujZ`_gby�^ey�\_ebqbg�Pji �b�Fi �bf_xl�g_kdhevdh�^jm]hc�\b^��
>ey�kemqZy�aZdeZ^db�hljZ[hlZgguo�jZg__�dZf_j�fh`gh�aZibkZlv� 

jji

ij
ji

rR

F

E

E
P

2
=  

∑
=

=
M

j jji

j

i
i

rRE

E
Q

F

1
2

1
 

A^_kv� 
r j  -� fbgbfZevgh_� jZkklhygb_� hl� p_gljZ� jZkkfZljb\Z_fh]h�
]jmahg_kms_]h�we_f_glZ�^h�[eb`Zcr_c�]jZgbpu�jZaj_aZ� 
Rji  -� jZkklhygb_� hl� p_gljZ� ]jmahg_kms_]h� we_f_glZ� ^h� p_gljZ�
we_f_glZ��]^_�aZ^ZgZ�kbeZ�Qi . 

DZd� fh`gh� \b^_lv� hlebqb_� nhjfme� khklhbl� \� lhf�� qlh� \�
ijhkljZgkl\_gghf�kemqZ_�\_ebqbgZ�Rji �\�d\Z^jZl_��AZ\bkbfhklv�hl�Rji  
b� r j � ijb� Ej =E� ke_^m_l� ba� ZgZebaZ� Zkbfilhlbq_kdh]h� jZaeh`_gby�
gZijy`_gbc�σσy�\�ijhkljZgkl\_gghf�kemqZ_�\[ebab�]jZgbpu�jZaj_aZ��>ey 



 9 

djm]h\uo� jZaj_ah\� ijb\_^zggu_� khhlghr_gby� y\eyxlky� kljh]bfb�� ^ey�
jZaj_ah\�k�g_djm]h\hc�]jZgbp_c�- �ijb[eb`zggufb. 

F_lh^bdZ�gZoh`^_gby�kbe�Pj �lZ�`_�kZfZy��JZkklhygby�r j �b�Rji  
hij_^_eyxlky�]_hf_ljbq_kdb��aZl_f�ih�nhjfme_�gZoh^yl�\_ebqbgu�Fi �b�
^Ze__� hij_^_eyxl� bkdhfu_� ghjfZevgu_� kbeu� \h� \k_o� ]jmahg_kmsbo 
we_f_glZo��DZd�b�\�iehkdhf�kemqZ_��bkihevamy�ijbgpbi�kmi_jihabpbb�
j_r_gbc� ^ey� mijm]bo� kj_^�� fh`gh� gZclb� kbeu� \� ]jmahg_kmsbo 
we_f_glZo� ijb� ijhba\hevghf� qbke_� jZaj_ah\�� e_`Zsbo� \� h^ghc�
iehkdhklb� 

Ih�ba\_klguf�kbeZf�\�]jmahg_kmsbo�we_f_glZo�fh`gh�ihkljhblv�
dmkhqgh-ebg_cgh_�jZkij_^_e_gb_�\�we_f_glZo�gZijy`_gbc�σσy��>ey�wlh]h�
ke_^m_l�ih�hibkZgghc�\�iehkdhf�kemqZ_�f_lh^bd_�ihkljhblv�dmkhqgh-
ebg_cgu_� jZkij_^_e_gby� gZijy`_gbc� σσy� ih� hkyf� X� b� Z�� <� dZq_kl\_�
bkoh^gh]h�we_f_glZ�ke_^m_l�\aylv�we_f_gl��]^_�kj_^g__�agZq_gb_�σσy 
fbgbfZevgh� 
 
 
Hp_gdZ�jZaf_jh\�ieZklbq_kdhc�ahgu� 

Baeh`_ggmx�\ur_�f_lh^bdm�jZkqzlZ�jZkij_^_e_gby�ghjfZevguo�d�
jm^ghfm� l_em� gZijy`_gbc� V\� fh`gh� k\yaZlv� k� jZa\blhc� \� jZ[hl_�
�L_hjby� aZsblguo� ieZklh\�� I_lmoh\� B�F��� Ebgvdh\� :�F��� Kb^hjh\�
<�K���N_ev^fZg�B�:���F�������]��f_lh^bdhc�hp_gdb�ebg_cgh]h�jZaf_jZ�
ααo� ij_^_evgh� gZijy`zgghc� h[eZklb� �ieZklbq_kdhc� ahgu�� b� fZdkbfmfZ�
hihjgh]h� ^Z\e_gby� σσy

max�� Hp_gdZ� \_ebqbg� ααo� b� σσy
max� \dexqZ_l�

hij_^_e_gb_� dhwnnbpb_glZ� bgl_gkb\ghklb� gZijy`_gbc� KI � m� djZy�
jZaj_aZ�� Dhwnnbpb_gl� KI �� jZkkfZljb\Z_fuc� \� l_hjbb� lj_sbg��
hij_^_ey_lky� ba� Zkbfilhlbq_kdh]h� ij_^klZ\e_gby� gZijy`_gbc� m� dhgpZ�
jZaj_aZ��lj_sbgu��\�mijm]hc�kj_^_� 

( )
( )ax

K
x I

y −
≈

π
σ

2
0,  

Wlhl� dhwnnbpb_gl� aZ\bkbl� hl� \g_rgbo� mkeh\bc� gZ]jm`_gby� b�
jZaf_jZ� jZaj_aZ�� DZd� \b^gh� gZijy`_gby� m� djZy� jZaj_aZ� \� mijm]hc�
kj_^_� bf_xl� g_h]jZgbq_gguc� jhkl� ijb� x→→αα�� qlh� k\b^_l_evkl\m_l� h�
j_Zevghklb� i_j_oh^Z� fZl_jbZeZ� m� djZy� jZaj_aZ� \� ieZklbq_kdh_�
khklhygb_� 

<� mihfygmlhc� \ur_� jZ[hl_� kqblZ_lky�� qlh� jZkij_^_e_gb_�
gZijy`_gbc� \� ieZklbq_kdhc� ahg_�� l�_�� hl� djZy� jZaj_aZ� ^h� lhqdb�
[eba`Zcr_]h�fZdkbfmfZ�gZijy`_gbc�σσy��hibku\Zxlky�ebg_cguf�aZdhghf� 

h

K
fZky

ξσσ *0 2+=  

]^_ 
σσfZk -�ijhqghklv�jm^gh]h�fZkkb\Z� 
ξξ -�jZkklhygb_�hl�h[gZ`_gby�\]em[v�fZkkb\Z� 
h -�fhsghklv�jm^gh]h�l_eZ� 

AZ� fZdkbfmfhf� hihjgh]h� ^Z\e_gby� bf__l� f_klh� mijm]h_�
jZkij_^_e_gb_� gZijy`_gbc�� >ebgZ� ieZklbq_kdhc� ahgu� hij_^_ey_lky� ih�
nhjfme_� 

( )Pf
K

h
d 3

2

*

3

2

0 224

3












= π
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]^_ 
( )

*
2

30

2

57,0

KK

h
P

I

fZkσ
=  

( ) { }333 1111
4

1 −++++= PPPf  

<� lZ[ebqghf� \b^_� aZ\bkbfhklv� f(P) � ijb\_^_gZ� \� mdZaZgghc�
\ur_�jZ[hl_� 

LZdbf� h[jZahf�� jZaf_j� ieZklbq_kdhc� ahgu� \[ebab� iehkdhc�
\ujZ[hldb� ihi_j_qgh]h� jZaf_jZ� h� aZ\bkbl� hl� \_ebqbgu� ijhqghklb�
fZkkb\Z� b� iZjZf_ljZ� KI �� hij_^_ey_fh]h� ba� j_r_gby� khhl\_lkl\mxs_c�
aZ^Zqb� l_hjbb� mijm]hklb�� <_ebqbgm� fZdkbfmfZ� hihjgh]h� ^Z\e_gby�
fh`gh�gZclb��iheh`b\�ξξ=do. 

 JZkij_^_e_gb_�gZijy`_gbc�m�djZy�jZaj_aZ� 
1 -�dmkhqgh-ebg_cgh_�jZkij_^_e_gb_�\�ij_^iheh`_gbb� 
mijm]hklb�kj_^u� 
1' -�Zkbfilhlbq_kdh_�jZkij_^_e_gb_�gZijy`_gbc�m�djZy� 
lj_sbgu�\�mijm]hc�kj_^_� 
2 -�jZkij_^_e_gb_�gZijy`_gbc�k�mqzlhf�ieZklbq_kdhc�ahgu� 

2 

1 
σ max hihj 
g� 

σ o MAC 

σ y 

X 
L ξξ 

d 

1' 

∆∆σσ 

h a 

  
JZkkfhlj_gguc� \ur_� f_lh^� jZkqzlZ� jZkij_^_e_gby� ghjfZevguo�

gZijy`_gbc� σσy� iha\hey_l� hp_gblv� agZq_gb_� KI �� >ey� wlh]h� ke_^m_l�
jZkkfhlj_lv� djZcgbc� ]jmahg_kmsbc� we_f_gl� m� jZaj_aZ�� ^ey�
hij_^_ezgghklb� ijbibkZ\� _fm� bg^_dk� j=1 �� Ijb� lhc� `_� \_ebqbg_�
kj_^g_]h�gZijy`_gby�[m^_f�kqblZlv��qlh�\�wlhf�we_f_gl_�bf__l�f_klh�
g_�ebg_cgh_�jZkij_^_e_gb_�gZijy`_gbc�σσy��Z�jZkij_^_e_gb_�gZijy`_gbc�
m�dhgpZ�jZaj_aZ�σσy(x,0) ��<�wlhf�kemqZ_�gZ�]jZgbp_�jZkkfZljb\Z_fh]h�
we_f_glZ� k� khk_^gbf� ]jmahg_kmsbf� we_f_glhf� ^he`_g� \hagbdgmlv�
kdZqzd� gZijy`_gbc� ∆∆σσy�� Hlghr_gb_� \_ebqbgu� wlh]h� kdZqdZ� d� kj_^gbf�
gZijy`_gbyf�\�we_f_gl_�g_\_ebdh��Hgh�^he`gh�klj_fblvky�d�gmex�ijb�
L→→0�� Ke_^h\Zl_evgh�� ijb� fZehf� L� \_ebqbgZ� ih]j_rghklb� \� djZcg_f�
]jmahg_kms_f�we_f_gl_�fZeZ��AgZq_gb_�KI �ih�gZc^_gghc�\�we_f_gl_�j=1  
kbe_�P1�hij_^_ey_lky�ba�khhlghr_gby� 

L
PK I 21

π=  

Ih^klZ\b\� ihemq_ggh_� lZdbf� h[jZahf� agZq_gb_� KI � \�
khhlghr_gb_� ^ey� ^ebgu� ieZklbq_kdhc� ahgu� hp_gbf� _z� jZaf_j� do. 
<hafh`gu�^\Z�kemqZy� 
 
KemqZc��� 
gZc^_ggh_� agZq_gb_� do� ijb[ebabl_evgh� jZ\gh� djZlghfm� agZq_gbx�
\_ebqbgu�L��l�_��do≈≈nL��]^_�n -�p_eh_�qbkeh��<�wlhf�kemqZ_�jZkqzl�
\_ebqbgu� do� aZdZgqb\Z_lky�� <� khhl\_lkl\bb� k� jZkij_^_e_gb_f�
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gZijy`_gbc� \� ieZklbq_kdhc� ahg_� n� djZcgbo� ]jmahg_kmsbo� we_f_glh\�
khklZ\eyxl�ieZklbq_kdmx�ahgm��\�dhlhjhc�bf__l�f_klh�ebg_cguc�aZdhg�
jZkij_^_e_gby�gZijy`_gbc� 

Hq_\b^gh�� qlh� ]jmahg_kmsb_� we_f_glu�� hdZau\Zxsb_ky� \�
ieZklbq_kdhc�ahg_��\hkijbgbfZxl�lhevdh�qZklv�lhc�gZ]jmadb��dhlhjZy�
ke_^m_l�ba�jZkqzlh\�ih�mijm]hc�fh^_eb��"Baebr_d��gZ]jmadb�ke_^m_l�
jZkij_^_eblv� kj_^b� ]jmahg_kmsbo� we_f_glh\�� gZoh^ysboky� \� mijm]hf�
khklhygbb�� I_j_jZkqzl� jZkij_^_e_gby� gZ]jmadb� kj_^b� ]jmahg_kmsbo 
we_f_glh\� hkms_kl\ey_lky� ih� lhc� `_� f_lh^bd_�� qlh� b� ijb� hqbklguo�
jZ[hlZo�� <Z`gh� hlf_lblv�� qlh� \� wlhf� i_j_kqzl_� dmkhqgh-ebg_cgh_�
jZkij_^_e_gb_�gZijy`_gbc�\�mijm]bo�]jmahg_kmsbo�we_f_glZo�kljhblky�
bgZq_�� Z� bf_ggh� bkoh^y� ba� mkeh\by� g_ij_ju\ghklb� gZijy`_gbc� σσy� gZ�
]jZgbp_�mijm]hc�b�ieZklbq_kdhc�h[eZkl_c� 
 
KemqZc��� 
oZjZdl_jbam_lky� l_f�� qlh� gZc^_ggh_� agZq_gb_� jZaf_jZ� ieZklbq_kdhc�
ahgu�y\gh�hlebqZ_lky�hl�\_ebqbgu��djZlghc�L��GZijbf_j�fh`_l�[ulv��
qlh� do≈≈0,5L �� <� wlhf� kemqZ_� p_e_khh[jZagh� hkms_kl\blv� i_j_jZkqzl�
jZkij_^_e_gby� gZijy`_gbc�� iheh`b\� L=do�� <uihegyy� ^Ze__�
\ur_mdZaZggu_� hi_jZpbb�� ke_^m_l� khihklZ\blv� gh\h_� jZkqzlgh_�
agZq_gb_� d1� k� \_ebqbghc� do�� Ijb� g_h[oh^bfhklb� f_lh^hf�
ihke_^h\Zl_evguo� ijb[eb`_gbc� fh`gh� ^h[blvky� mkeh\by��
oZjZdl_jbamxs_]h�kemqZc�. 
 
 
 
Hp_gdZ�^hklh\_jghklb�f_lh^Z� 

>hklh\_jgZy� bgnhjfZpby� h� khklhygbb� ]hjguo� fZkkb\h\��
ijhl_dZxsbo� \� gbo� ]_hf_oZgbq_kdbo� ijhp_kkZo�� bf__l�
hkgh\hiheZ]Zxs__�agZq_gb_�^ey�j_r_gby�fgh]bo�ijh[e_f��k\yaZgguo�k�
kha^Zgb_f� [_ahiZkguo� l_ogheh]bc� hljZ[hldb� f_klhjh`^_gbc��
jZpbhgZevguf�ba\e_q_gb_f�ihe_aguo�bkdhiZ_fuo� 

Bkihevam_fu_� ijb� hp_gd_� gZijy`zggh]h� khklhygby� jZkqzlgu_�
wdkij_kk-f_lh^u��y\eyxlky�bg`_g_jgufb�f_lh^Zfb�gh\h]h�ihdhe_gby��<�
hkgh\_� hlghkbl_evgh� ijhkluo� ijhp_^mj� jZkqzlZ� e_`Zl� fZl_fZlbq_kdb_�
j_r_gby� jy^Z� aZ^Zq� f_oZgbdb� ]hjguo� ihjh^� b� f_oZgbdb� l\zj^h]h�
^_nhjfbjm_fh]h�l_eZ� 

Hp_gb\Zy� ^hklh\_jghklv� ij_^eh`_ggh]h� f_lh^Z� hp_gdb�
gZijy`zggh]h�khklhygby�fZkkb\Z�b�g_kmsbo�dhgkljmdlb\guo�we_f_glh\��
ke_^m_l� hklZgh\blvky� gZ� ke_^mxsbo� fhf_glZo�� Wlh� khhl\_lkl\b_�
jZkqzlghc� fh^_eb� j_Zevghfm� khklhygbx� l_ogheh]bq_kdbo� ijhp_kkh\�
gZlmju�b�kZfZ�lhqghklv�jZkqzlgh]h�f_lh^Z��<�wlhc�k\yab�g_h[oh^bfh 
hlf_lblv�� qlh� ^hklh\_jghklv� bg`_g_jgh]h� f_lh^Z� agZqbl_evgh�
ih\urZ_lky�� ihkdhevdm� ijb� ihklZgh\d_� aZ^Zqb� bkke_^h\Zgbc� bf__lky�
\hafh`ghklv� ijh]ghabjh\Zlv� ^bgZfbdm� jZa\blby� ]hjguo� jZ[hl��
Bkihevah\Zgb_� f_lh^Z� iha\hey_l� mq_klv� \ebygb_� m`_� kms_kl\mxsbo�
]hjguo� jZ[hl� gZ� baf_g_gb_� ]_hf_oZgbq_kdhc� h[klZgh\db� ijb�
bkke_^h\Zl_evghc�hljZ[hld_�]hjbahglh\�dZd�\�fZkrlZ[_�\k_]h�jm^gh]h�
l_eZ�beb�g_kdhevdbo�jm^guo�l_e��lZd�b�\�fZkrlZ[_�hqbklguo�dZf_j� 

Lhqghklv�bg`_g_jgh]h�f_lh^Z�jZkqzlZ�dhgp_gljZpbb�gZijy`_gbc�
\� iehkdhf� b� ijhkljZgkl\_gghf� kemqZyo� hij_^_eyeZkv� gZ� ijbf_jZo�
kjZ\g_gby� j_r_gby� l_klh\uo� aZ^Zq� f_lh^hf� dhg_qguo� we_f_glh\�� Z�
lZd`_� aZ^Zq� ih� hij_^_e_gbx� gZ]jmahd� gZ� e_glhqgu_� b� klhe[qZlu_�
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p_ebdb�� jZkkqblZggu_� @�K�?j`Zgh\uf� b� ^j�� f_lh^Zfb� l_hjbb�
mijm]hklb�� JZkoh`^_gby� j_amevlZlh\� jZkqzlZ� aZ^Zqb� h� jZkij_^_e_gbb�
gZijy`_gby� ijb� ijh\_^_gbb� iehkdhc� \ujZ[hldb� k� ijyfhm]hevguf�
mklmihf� ^ey� ijhkljZgkl\_ggh]h� kemqZy�� \uiheg_ggu_� bg`_g_jguf�
f_lh^hf�b�gZc^_ggh_�[he__�lhqguf�f_lh^hf�g_�ij_\urZeb����� 

 JZkqzl�gZ]jm`_gghklb�p_ebdh\�\�bahebjh\Zgguo�aZe_`Zo�ijb� 
dZf_jgh-klhe[h\hc�kbkl_f_�jZajZ[hldb�^ey�ijhkl_crbo� 
kemqZ_\�]_hf_ljbb�bg`_g_jguf�f_lh^hf�b�\uiheg_gguc�ih� 
f_lh^bd_�@�K�?j`Zgh\Z�b�^j� 

IZjZf_lju�hqbklguo�
\ujZ[hlhd Hlghkbl_evgZy�gZ]jmadZ� 

gZ�p_gljZevguc�
p_ebd % RbjbgZ� 

p_ebdZ��Z�� 
�f 

Ijhezl� 
f_`^m� 

p_ebdZfb� 
�/���f 

<ukhlZ� 
p_ebdZ��K�� 

�f 
Dhebq_kl\ 
h�p_ebdh\� 
\�iZg_eb bg`_g_jguc� f_lh^ lhqguc� 

f_lh^ 
5 
5 
5 
5 
5 
5 
5 
5 

15 
15 
15 
15 
15 
15 
15 
15 

15 
15 
15 
15 
15 
15 
15 
15 

1 
2 
3 
5 
7 
9 
11 
15 

0,54 
0,64 
0,71 
0,76 
0,80 
0,83 
0,85 
0,87 

0,60 
0,75 
0,82 
0,86 
0,89 
0,91 
0,92 
0,94 

10,7 
14,0 
13,0 
11,4 
9,9 
8,4 
7,6 
7,0 

 KjZ\gbl_evguc� ZgZeba� ihdZau\Z_l�� qlh� jZaebqby� f_`^m�
jZkqzlgufb� ^Zggufb� g_� ij_\urZxl� ����� Wlb� agZq_gby� ^himklbfu� ^ey�
fgh]bo� aZ^Zq�b�_z� \_ebqbgm������� fh`gh�ijbgylv�\�dZq_kl\_�hp_gdb�
ih]j_rghklb�jZkkfhlj_ggh]h�f_lh^Z�jZkqzlZ�gZijy`_gbc� 

Hijh[h\Zgb_�bg`_g_jgh]h�f_lh^Z�[ueh�ijhba\_^_gh�^ey�hp_gdb�
jZaf_jh\� ahgu� hihjgh]h� ^Z\e_gby� ^ey� kemqZy� qZklbqghc� hljZ[hldb�
hojZgguo� p_ebdh\� kl\heh\� rZol� >`_adZa]Zgkdh]h� f_klhjh`^_gby� b�
ihdZaZeZ�ohjhrb_�ijZdlbq_kdb_�j_amevlZlu� 

>ey� hp_gdb� hihjgh]h� ^Z\e_gby� \� ij_^hojZgbl_evghf� p_ebd_�
kl\heZ� ijb� _]h� qZklbqghc� hljZ[hld_� iZjZf_lju� e_glhqguo� � p_ebdh\�
(Z�� b� hqbklguo� dZf_j� �L�� \� jZkqzlZo� \Zjvbjh\Zebkv�� MklZgh\e_gh��
qlh� \_ebqbgZ� hihjgh]h� ^Z\e_gby� \� hojZgghf� p_ebd_� \� agZqbl_evghc�
kl_i_gb� aZ\bkbl� hl� jZkklhygby� hl� kl\heZ� ^h� \ujZ[hlZggh]h�
ijhkljZgkl\Z�� Ijh\_^zggu_� jZkqzlu� iha\hebeb� hij_^_eblv� agZq_gb_�
hihjgh]h�^Z\e_gby��nhjfbjmxs_]hky�\ke_^kl\bb�h[jZah\Zgby�dZf_j�� 

 <ebygb_�rbjbgu�p_ebdh\�gZ�bo�gZ]jm`_gghklv� 
1-jZkqzl�ih�f_lh^m�@�K�?j`Zgh\Z� 
2-jZkqzl�ijb\_^zgguf�\ur_�f_lh^hf� 

σ H γ / y 

a/ L 0 
0,1 0,2 0,3 0,4 

2 

4 

6 

2 

1 
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 <ebygb_�dhebq_kl\Z�p_ebdh\�\�iZg_eb�gZ�bo�gZ]jm`_gghklv� 
1-jZkqzl�ih�f_lh^m�@�K�?j`Zgh\Z� 
2-jZkqzl�ijb\_^zgguf�\ur_�f_lh^hf� 

1 
2 

/ σ y
 
H γ 

n 0 4 8 12 16 
2 

3 

 
:gZeba� jZkqzlh\� ihdZau\Z_l�� qlh� gZb[hevr__� ^hihegbl_evgh_�

^Z\e_gb_�� ^hklb]Z_l� 1,5 γγH�� hlf_qZ_lky� m� ]jZgbp� ij_^hojZgbl_evgh]h�
p_ebdZ�� H^gZdh� m`_� gZ� jZkklhygbb� ��f� hl� \ujZ[Zlu\Z_fh]h�
ijhkljZgkl\Z�^hihegbl_evgZy�gZ]jmadZ�gZ�fZkkb\�g_�ij_\urZ_l�0,5 γγH, 
Z� gZ� jZkklhygbb� ��f� - 0,1 γγH�� LZdbf� h[jZahf�� gZ� hkgh\_� jZkqzlh\�
fh`gh� k^_eZlv� \u\h^� h� lhf�� qlh� qZklbqgZy� hljZ[hldZ� hojZggh]h�
p_ebdZ�ih�nZdlhjm�]hjgh]h�^Z\e_gby�fh`_l�ijhba\h^blvky�^h�l_o�ihj��
ihdZ� jZkklhygb_� hl� ]jZgbp� \ujZ[hlZggh]h� ijhkljZgkl\Z� kl\heZ� g_�
^hklb]g_l���-��f� 

GZ�[Za_�ijh\_^zgguo�bkke_^h\Zgbc�jZajZ[hlZgu�b�kh]eZkh\Zgu�
k� =hk]hjl_ogZ^ahjhf� J_ki�DZaZoklZg� ��������]�� �ijbeh`_gb_� ����
^hiheg_gby� d� �<j_f_gguf� ijZ\beZf� hojZgu� khhjm`_gbc� hl� \j_^gh]h�
\ebygby� ih^a_fguo� jZajZ[hlhd� gZ� jm^gbdZo� >`_adZa]Zgkdh]h� ]hjgh-
f_lZeemj]bq_kdh]h� dhf[bgZlZ��� j_]eZf_glbjmxs__� mkeh\by� ih�
qZklbqghc� hljZ[hld_� aZiZkh\� \� hojZgguo� p_ebdZo� kl\heh\� rZol� b�
ih\_joghklguo�khhjm`_gbc� 
 
<u\h^u� 

Ijb� j_r_gbb� aZ^Zq� f_oZgbdb� ]hjguo� ihjh^�� k\yaZgguo� k�
jZpbhgZevghc� b� [_ahiZkghc� hljZ[hldhc� f_klhjh`^_gbc�� \hagbdZ_l�
g_h[oh^bfhklv� \� ihemq_gbb� gZb[he__� [ukljhc� b� ^hklh\_jghc�
bgnhjfZpbb� h� khklhygbb� b� ih\_^_gbb� fZkkb\Z�� K� wlhc� p_evx�
jZajZ[hlZg� bg`_g_jguc� f_lh^� jZkqzlZ� gZijy`zggh-^_nhjfbjh\Zggh]h�
khklhygby� fZkkb\Z�� ZgZeh]bqguc� f_lh^m� ]jZgbqguo� bgl_]jZevguo�
mjZ\g_gbc�� >Zgguc� f_lh^� iha\hey_l� k� ^hklZlhqghc� lhqghklvx� [_a�
ijbf_g_gby�W<F��k�ihfhsvx�^Z`_�dZjfZggh]h�dZevdmeylhjZ��hij_^_eylv�
gZ]jm`_gghklv� jm^gh]h� fZkkb\Z�� dZd� \� iehkdhf�� lZd� b� \�
ijhkljZgkl\_gghf�kemqZyo��k�mqzlhf�ihke_^h\Zl_evghklb�nhjfbjh\Zgby�
\ujZ[hlZggh]h� ijhkljZgkl\Z� b� lbiZ� ijbf_gy_fhc� aZdeZ^db�� ;he__�
rbjhdb_� \hafh`ghklb� ij_^eh`_ggh]h� f_lh^Z� hldju\Zxlky� ijb�
bkihevah\Zgbb�_]h�k�f_lh^hf�ihke_^h\Zl_evguo�pbdeh\��Wlh�iha\hey_l�
mq_klv� ^bgZfbdm� jZa\blby� ]hjguo� jZ[hl� dZd� \� fZkrlZ[_� hqbklguo�
dZf_j�� lZd� b� g_kdhevdbo� ]hjbahglh\� b� aZe_`_c�� b� h[hkgh\Zggh�
ijh]ghabjh\Zlv� i_j_jZkij_^_e_gb_� gZijy`_gbc� \� aZ\bkbfhklb� hl�
ihke_^h\Zl_evghklb� b� l_ogheh]bq_kdbo� hkh[_gghkl_c� jZa\blby� ]hjguo�
jZ[hl� 

Bkihevam_fu_� \� jZkqzl_� f_lh^u�� y\eyxlky� bg`_g_jgufb�
f_lh^Zfb�gh\h]h�ihdhe_gby��<�hkgh\_�hlghkbl_evgh�ijhkluo�ijhp_^mj�
jZkqzlZ� e_`Zl� fZl_fZlbq_kdb_� j_r_gby� aZ^Zq� h� jZaj_aZo� \� mijm]hc�



 14 

kj_^_�b�hij_^_eyxlky�mkeh\by�i_j_oh^Z�hkgh\guo�g_kmsbo�we_f_glh\�\�
qbklh�ieZklbq_kdh_�khklhygb_� 
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