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Àííîòàöèÿ

Â äàííîé ñòàòüå áóäåò ïîäðîáíî èçëîæåí âûâîä ñèñòåìû óðàâ-
íåíèé àïðîêñèìàöèè äàííûõ îêðóæíîñòüþ, îñíîâàííûé íà ìåòîäå
íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ).

Âûâîä ñèñòåìû óðàâíåíèé àïðîêñèìàöèè äàííûõ

îêðóæíîñòüþ, îñíîâàííûé íà ÌÍÊ.

Óðàâíåíèå îêðóæíîñòè èìååò âèä:

(x− x0)2 + (y − y0)2 −R2 = 0

Êàíîíè÷åñêàÿ ôîðìà ýòîãî óðàâíåíèÿ:

x2 + y2 − 2xx0 − 2yy0 + x2
0 + y2

0 −R2 = 0

ÌÍÊ íàõîäèò òàêîå ïðèáëèæåíèå ê ðåøåíèþ äàííîãî óðàâíåíèÿ, êî-
òîðîå ìèíèìèçèðóåò ñóììó êâàäðàòîâ îøèáîê äàííîãî óðàâíåíèÿ:

e(xi, yi) = x2
i + y2

i − 2xix̂0 − 2yiŷ0 + x̂0
2 + ŷ0

2 − R̂2 i = 1 . . . n

n∑
i=1

[e(xi, yi)]
2 → min

Â ýòîé ñèñòåìå xi è yi - àïðîêñèìèðóåìûå äàííûå, x0, y0 è R - èñêîìûå
ïàðàìåòðû àïïðîêñèìàöèè, e(x, y) - ôóíêöèÿ îøèáêè àïïðîêñèìàöèè.

Äàííîå óñëîâèå èìååò òîëüêî îäèí ìèíèìóì, êîòîðûé ìîæíî íàé-
òè, ïðèðàâíÿâ ÷àñòíûå ïðîèçâîäíûå ñóììû êâàäðàòîâ ôóíêöèè îøèáêè
îò èñêîìûõ ïàðàìåòðîâ íóëþ. Íàéäåì ýòè ïðîèçâîäíûå è âûíåñåì âñå
ïîñòîÿííûå çà çíàê ñóììû:

∗Typeset by LATEX
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∂
∑

[e(x,y)]2

∂x0
= 2

∑[
e(x, y) · ∂e(x,y)

∂x0

]
= 0

∂
∑

[e(x,y)]2

∂y0
= 2

∑[
e(x, y) · ∂e(x,y)

∂y0

]
= 0

∂
∑

[e(x,y)]2

∂R = 2
∑[

e(x, y) · ∂e(x,y)
∂R

]
= 0


∑[

e(x, y) · ∂e(x,y)
∂x0

]
=
∑

[e(x, y) · (−2x + 2x0)] = 0∑[
e(x, y) · ∂e(x,y)

∂y0

]
=
∑

[e(x, y) · (−2y + 2y0)] = 0∑[
e(x, y) · ∂e(x,y)

∂R

]
=
∑

[e(x, y) · 2R] = 0


∑

[e(x, y) · (−2x + 2x0)] = −2(
∑

[e(x, y) · x]−
∑

[e(x, y) · x0]) = 0∑
[e(x, y) · (−2y + 2y0)] = −2(

∑
[e(x, y) · y]−

∑
[e(x, y) · y0]) = 0∑

[e(x, y) · 2R] = 2R
∑

[e(x, y)] = 0
∑

[e(x, y) · x]−
∑

[e(x, y) · x0] =
∑

[e(x, y) · x]− x0 ·
∑

[e(x, y)] = 0∑
[e(x, y) · y]−

∑
[e(x, y) · y0] =

∑
[e(x, y) · y]− y0 ·

∑
[e(x, y)] = 0∑

[e(x, y)] = 0
∑

[e(x, y) · x]− x0 · 0 =
∑

[e(x, y) · x] = 0∑
[e(x, y) · y]− y0 · 0 =

∑
[e(x, y) · y] = 0∑

[e(x, y)] = 0

Äàæå íå ðàñêðûâàÿ ôóíêöèþ îøèáêè, ìû ñðàçó ïîëó÷èëè î÷åíü õî-
ðîøåå äëÿ íàñ óñëîâèå ðåøåíèÿ äàííîé ñèñòåìû: ñóììà îøèáîê (è, ñî-
îòâåòñòâåííî, ñðåäíÿÿ îøèáêà) ðàâíà 0. Ðàñêðîåì ôóíêöèþ îøèáîê è
ïðîäîëæèì óïðîùåíèå ñèñòåìû:

∑
[e(x, y) · x] =

∑[
x3 + xy2 − 2x2x0 − 2xyy0 + xx2

0 + xy2
0 − xR2

]
= 0∑

[e(x, y) · y] =
∑[

x2y + y3 − 2xyx0 − 2y2y0 + yx2
0 + yy2

0 − yR2
]
= 0∑

[e(x, y)] =
∑[

x2 + y2 − 2xx0 − 2yy0 + x2
0 + y2

0 −R2
]
= 0



∑[
x3 + xy2 − 2x2x0 − 2xyy0 + xx2

0 + xy2
0 − xR2

]
=

=
∑

[x3] +
∑

[xy2]− 2(x0
∑

[x2] + y0
∑

[xy]) + (x2
0 + y2

0 −R2)
∑

[x] = 0

∑[
x2y + y3 − 2xyx0 − 2y2y0 + yx2

0 + yy2
0 − yR2

]
=

=
∑

[x2y] +
∑

[y3]− 2(x0
∑

[xy] + y0
∑

[y2]) + (x2
0 + y2

0 −R2)
∑

[y] = 0

∑[
x2 + y2 − 2xx0 − 2yy0 + x2

0 + y2
0 −R2

]
=

=
∑

[x2] +
∑

[y2]− 2(x0
∑

[x] + y0
∑

[y]) + n(x2
0 + y2

0 −R2) = 0

Èñïîëüçóÿ òðåòüå óðàâíåíèå ïåðåéäåì îò ñèñòåìû òðåõ óðàâíåíèé ñ
òðåìÿ íåèçâåñòíûìè (x0, y0, R) ê ñèñòåìå äâóõ óðàâíåíèé ñ äâóìÿ íåèç-
âåñòíûìè (x0, y0):
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∑

[x3] +
∑

[xy2]− 2(x0
∑

[x2] + y0
∑

[xy]) + (x2
0 + y2

0 −R2)
∑

[x] = 0∑
[x2y] +

∑
[y3]− 2(x0

∑
[xy] + y0

∑
[y2]) + (x2

0 + y2
0 −R2)

∑
[y] = 0

(x2
0 + y2

0 −R2) = − 1
n

(∑
[x2] +

∑
[y2]− 2(x0

∑
[x] + y0

∑
[y])

)


∑
[x3] +

∑
[xy2]− 2(x0

∑
[x2] + y0

∑
[xy])−

− 1
n

(∑
[x2] +

∑
[y2]− 2(x0

∑
[x] + y0

∑
[y])

)∑
[x] = 0

∑
[x2y] +

∑
[y3]− 2(x0

∑
[xy] + y0

∑
[y2])−

− 1
n

(∑
[x2] +

∑
[y2]− 2(x0

∑
[x] + y0

∑
[y])

)∑
[y] = 0

(x2
0 + y2

0 −R2) = − 1
n

(∑
[x2] +

∑
[y2]− 2(x0

∑
[x] + y0

∑
[y])

)


(
∑

[x3] +
∑

[xy2]− 1
n

∑
[x2]

∑
[x]− 1

n

∑
[y2]

∑
[x])−

−2x0(
∑

[x2]− 1
n

∑
[x]
∑

[x])− 2y0(
∑

[xy]− 1
n

∑
[x]
∑

[y]) = 0

(
∑

[x2y] +
∑

[y3]− 1
n

∑
[x2]

∑
[y]− 1

n

∑
[y2]

∑
[y])−

−2x0(
∑

[xy]− 1
n

∑
[x]
∑

[y])− 2y0(
∑

[y2]− 1
n

∑
[y]
∑

[y]) = 0



2x0(
∑

[x2]− 1
n

∑
[x]
∑

[x]) + 2y0(
∑

[xy]− 1
n

∑
[x]
∑

[y]) =
= (
∑

[x3] +
∑

[xy2]− 1
n

∑
[x2]

∑
[x]− 1

n

∑
[y2]

∑
[x])

2x0(
∑

[xy]− 1
n

∑
[x]
∑

[y]) + 2y0(
∑

[y2]− 1
n

∑
[y]
∑

[y]) =
(
∑

[x2y] +
∑

[y3]− 1
n

∑
[x2]

∑
[y]− 1

n

∑
[y2]

∑
[y]){

N11x0 + N12y0 = W1

N21x0 + N22y0 = W2

N11 = 2(
∑

[x2]− 1
n

∑
[x]
∑

[x]) N12 = 2(
∑

[xy]− 1
n

∑
[x]
∑

[y])
W1 = (

∑
[x3] +

∑
[xy2]− 1

n

∑
[x2]

∑
[x]− 1

n

∑
[y2]

∑
[x])

N21 = 2(
∑

[xy]− 1
n

∑
[x]
∑

[y]) N22 = 2(
∑

[y2]− 1
n

∑
[y]
∑

[y])
W2 = (

∑
[x2y] +

∑
[y3]− 1

n

∑
[x2]

∑
[y]− 1

n

∑
[y2]

∑
[y])

Äàëåå îïåðèðîâàòü ñ ãðîìîçäêèìè âûðàæåíèÿìè íåò ñìûñëà. Ñëå-
äóåò íàéòè ÷èñëîâûå çíà÷åíèÿ N è W , à äàëüøå èñïîëüçîâàòü ïðîñòîå
ðåøåíèå ñèñòåìû èç äâóõ óðàâíåíèé ñ äâóìÿ íåèçâåñòíûìè:

det(N) = N11N22 −N12N21

x0 = (W1N22 −W2N12)/ det(N)
y0 = (W2N11 −W1N21)/ det(N)

R2 = x2
0 + y2

0 + 1
n

(∑
[x2] +

∑
[y2]− 2(x0

∑
[x] + y0

∑
[y])

)
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Çàêëþ÷åíèå.

Îçíàêîìëåíèå ñ äàííûì ìàòåðèàëîì ðåêîìåíäóþ ïðîâîäèòü ñîâìåñò-
íî ñ îñíîâíîé ñòàòüåé "Îñîáåííîñòè ïðèìåíåíèÿ ÌÍÊ ïðè îïðåäåëåíèè
ãåîìåòðèè òîííåëüíûõ êîëåö"è ïðèëàãàåìûìè ê íåé ýëåêòðîííûìè òàá-
ëèöàìè. Äàííûé ìàòåðèàë ìîæåò ñîäåðæàòü îãðåõè, òàê êàê ìíîé äîñ-
êîíàëüíî íå ïðîâåðÿëñÿ. Â òî æå âðåìÿ ýëåêòðîííûå òàáëèöû âûâåðåíû
äî çàïÿòîé.

¾... è íå áóäåò ïîñëå íàñ òüìû.¿
À.Í.Êàðåòèí
04.09.2010ã.

Made in ¾Òåððèòîðèÿ áåç èìåíè¿
http://mykaralw.narod.ru/
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